Abstract. In this study, a nonlinear translation-torsion model of spur gear pair with flexible support of gearbox is proposed. The time-varying meshing stiffness, transmission error and backlash are considered in this model. Lagrange's equations are used for establishing the mathematic model. The numerical method is presented for solutions of nonlinear differential equations. The effect of rotating speed and support stiffness of gearbox is analyzed. The numerical results show that the flexibility of the support of gearbox has a significant effect on the amplitude-frequency characteristic of the spur gear pair at low rotating speeds. The response shows flexibility while the support stiffness is smaller than the bearings and rigidity while the support stiffness is larger than the bearings. The maximum deformation of the driving gear bearings under the flexible support is generally greater than the one under rigid support.
Introduction
Gear transmission system is one of the most important mechanisms used for motion and power transmission in industrial machinery, such as machine tool, automobile, wind turbine, etc. Many researchers have paid their attention to analyze the characteristics of gear systems by analytical methods, simulation technique and experimental methods. Most early researches focused on the mathematic modeling of a spur gear pair supported by flexible shaft and bearings, where gear torsional vibrations were the main concern [1, 2] . Both of lamped mass method and finite element method are used for establishing the dynamic model. Both of the numerical methods and approximate analytical methods are used for solving the analyzing the dynamic characteristics of spur gear pair.
Clearances including tooth backlash and clearance of bearings provide strong-nonlinearity for the gear system and makes contributions to the vibration and noise of the gear system. In the early 1990s, Kahraman and Singh made parametric studies about bearing stiffness to meshing stiffness ratio, radial bearing preload to mean force ratio, etc. [3] and revealed interaction between time-varying meshing stiffness and backlash [4, 5] using both of the numerical method and harmonic balance method (HBM). Later in 2006, a torsional nonlinear dynamic model with 2-degree-of-freedom was reduced to a dynamic model with single-degree-of-freedom and the incremental harmonic balance method (IHBM) was used for analyzing the torsional response of spur gear pair considering time-varying meshing stiffness, static transmission error and backlash [6] . Lassâad [7] investigated dynamics of a two-stage gear system involving backlash and time-dependent meshing stiffness. Chen [8] focused on the effects of the friction and dynamic backlash on the multi-degree of freedom nonlinear dynamic gear transmission system, which incorporated time varying stiffness. Li [9] investigated the nonlinear dynamic characteristics of a gear pair system with dynamic backlash subjected to internal and external periodic excitations based on IHBM.
Friction force also provides strong-nonlinearity for the geared system. Many scholars have studied the influence of friction on gear dynamics. Benedict and Kelley [10] analyzed the friction coefficient of gear meshing in a gear contact as simulated on a roller test machine. Howard [11] provided a simplified gear dynamic model aimed at exploring the effect of friction on the resultant gear case vibration. Effect of friction force on the multi-degree of freedom nonlinear dynamic gear transmission system was also studied in reference [8] . Li [12] proposed a tribo-dynamics model which coupled a mixed elastohydrodynamic lubrication model for spur gear pairs. Ghosh [13] studied the instability due to parametric excitation from variable meshing stiffness in a gear pair system with the help of a six-degree-of-freedom translational-rotational model to consider the contribution of tooth sliding friction. Zhou [14] developed a coupled lateral-torsional nonlinear dynamic model with 16-degree-of-freedom (16-DOF) of gear-rotor-bearing transmission system (GRBTS) to study the effect of friction coefficient and mead load on the dynamic response of the GRBTS.
Parameter excitations, such as time-varying meshing stiffness and gear transmission error, provide weak-nonlinearity for the gear system. Many researchers have developed various mathematical models, such as analytical method [15] [16] [17] [18] , finite element method [19] [20] [21] [22] and experimental method, to calculate the time-varying meshing stiffness [23, 24] . Transmission error is one of the most important internal excitation of spur gear pair and the major internal exaction of many previous models [3] [4] [5] [6] .
To the author's knowledge, the effect of gearbox case was mostly neglected, and the support condition of the gearbox was assumed commonly to be rigid in the previous studies on spur gear dynamics. Therefore, for many mechanical equipment, such as wind turbines, the support condition of the gearbox is flexible. In these cases, the flexibility of gearbox support is non-negligible. Thus, the dynamic model of spur gear pair with flexible support of gearbox is proposed in this paper. The dynamic model of gear pair with flexible support of gearbox will be proposed in Section 2. Numerical simulation results are provided to analyze the dynamic characteristics of the gear pair in Section 3. The conclusions will be given in Section 4.
Dynamic model of the spur gear pair
In this paper, some assumptions are presented to simplify the dynamic model: (a) the gearbox is reduced to a rigid body, (b) the time-varying meshing stiffness is approximated by Fourier function, (c) the effect of manufacturing error and assembly error is reduced to static transmission error which is defined in Fourier series, (d) the thermal deformation of the gear pair and friction forces at the gear meshing point are neglected, (e) the support of bearings is modeled by fixed stiffness spring and (f) both of the meshing damping and support damping are modeled by viscous damping. 
freedom and one torsional vibration degree of freedom. The time-varying meshing stiffness is expressed [25] :
where, ( ) is the time-varying meshing stiffness which consists of mean component and periodic components with amplitude coefficients and phase angles . In this paper, represents the meshing frequency of the spur gear pair.
Like the definition of time-varying meshing stiffness, the transmission error is also defined in Fourier series [25] as shown in Eq. (2):
Here, ( ) represents the static transmission error which consists of periodic components with amplitudes and phase angle , respectively. The comprehensive deformation ( ) between the driving gear and driven gear along the meshing line is expressed:
where is the pressure angle of the driving gear and driven gear; and are base radii of driving gear and driven gear, respectively. Considering the effect of backlash, the non-linearity function of the comprehensive deformation is expressed:
where represents the half-backlash value. The meshing force, , is expressed:
where, is the meshing damping which is defined as a constant. In this system, the deformation of bearings and support springs is as follows:
where and represent the relative displacement between driving gear bearings and gearbox in direction and direction, and represent the relative displacement between driven gear bearings and gearbox in direction and direction, and represent the deformation of left and right supporting springs of gearbox in direction and and represent the deformation of left and right supporting springs of gearbox in direction. The symbol represents the distance between the rotary center of driving gear and driven gear and is the distance between the support spring of gearbox in direction and the mass center of the gearbox. We can obtain:
where, represents the kinetic energy, is the potential energy of bearings and flexible supports of the gearbox and is the dissipation function of bearing damping and flexible support damping. The symbols, , and are the masses of driving gear, driven gear and gearbox and , and are the moment of inertia of driving gear, driven gear and gearbox. The symbols, , , and , represent the supporting stiffness of driving gear bearings, driven gear bearings and supporting springs of gearbox and , , and are the corresponding damping. Using the Lagrange's equations, the differential equations of motion of the system is established:
where and is the generalized force and is the generalized coordinate which are defined in Eq. 
In Eq. (13), is the driving torque and is the load torque. The mathematic model of the spur gear pair with flexible support of gearbox is expressed as:
Numerical simulation and result discussion
The parameters of the spur gear pair are shown in Table 1 . In this paper, = 1 is applied to Eq. (1) and Eq. (5) and the damping coefficient of flexible support is = 0.15. The damping of flexible support is written as:
where = [ , ] . The New-Mark-method is used for solving Eq. (14) . For a better comparison, a dynamic model of spur gear pair under rigid support condition is giving in Appendix B. The effect of rotating speed on the dynamic response will be discussed in section 3.1, the effect of support stiffness will be discussed in section 3.2 and the bearing deformation will be discussed in section 3.3. 
Effect of rotating speed
In this section, the stiffness of flexible support is supposed to be = 2.5×10 The waterfall plot of displacement of driving gear in -direction under flexible support condition is shown in Fig. 3(a) and the corresponding bifurcation diagram is shown in Fig. 3(c) . The meshing frequency ( ) is the dominant response, the amplitude of 2-meshing frequency (2 ) is relatively small, and the bifurcation diagram shows that the response is periodic motion in the range of ∈ [300, 4650]. The meshing frequency ( ) is the dominant response, nonharmonic frequency components appear in the system response and the response is chaotic motion in the range of ∈ (4650, 4990]. Multiplication frequency components, such as /3, 2 /3, , 2 , etc. appear and the response is 3-T periodic motion in the range of ∈ (4990, 5310]. With the increase of rotating speed, the 3-T periodic motion is replaced by periodic motion, the meshing frequency is the dominant response and the amplitude of 2 is obvious in the range of ∈ (5310, 5610] . With the further increase of rotating speed, multiplication frequency components, such as /2, , 2 , etc. appear and the response is replaced by 2-T periodic motion in the range of ∈ (5610, 6000]. In short, the spur gear pair under flexible support condition undergoes periodic motion, chaotic motion and -T periodic motion.
The waterfall plot of displacement of driving gear in -direction under rigid support condition shown in Fig. 3(b) and the corresponding bifurcation diagram shown in Fig. 3 . Here, the time history is shown in Fig. 3(a) , FFT spectrum is shown in Fig. 3(b) , the phase plane is shown in Fig. 3(c) and the Poincaré map is shown in Fig. 3(d) . The response at = 1500 r·min -1 is illustrated in Fig. 4 . The time history indicates that the response is periodic. The spectrum illustrates that the meshing frequency ( ) is the dominant response and the amplitude of 2-meshing frequency (2 ) is shown in Fig. 7 . Like the response at = 1500 r·min -1 , the response at = 5500 r·min -1 is also period as the time history shows. The spectrum shows that component at is the dominant response and the amplitude at 2 is relatively small. The phase plane and Poincaré map indicate that the response at = 5500 r·min -1 is also periodic motion. As the rotating speed increases to = 5900 r·min -1 , the dynamic response is shown in Fig. 8 . The time history shows that the response is doubly period. The spectrum illustrates that the component at is the dominant response and amplitudes at /2, , 3 /2, 2 , 3 , etc. are obvious. The phase plane and Poincaré map indicates that the response at = 5900 r·min 
Effect of support stiffness of gearbox
In this section, the effect of support stiffness of gearbox and rotating speed on the dynamic response is discussed. The support stiffness of gearbox in direction is supposed to be equal to the one in direction. Here, the rotating speed and support stiffness of gearbox are treated as control parameters varying in range of ∈ [300, 6000] and ∈ [10 , 10 ] . The amplitude-frequency-stiffness response map is shown in Fig. 9 .
The effect of support stiffness of gearbox on the response is quite evident as the rotating speed varying in range of ∈ [300, 3100]. The first crest appears at = 480 r·min . With the increase of rotating speed, the support stiffness of gearbox has little effect on the dynamic response in direction in the range of ∈ [3100, 4400]. When the rotating speed is beyond 4400 r·min -1 , the support stiffness of gearbox has some irregular effect on the dynamic response in direction. Compared to the amplitude-frequency cure of the driving gear in direction shown in Fig. 2 , it is obvious that the response of driving gear in direction under flexible support condition with large support stiffness is more similar to the one under rigid support condition. 
Bearing deformation
For many mechanical equipment, the failure often occurs in the bearings. Thus, the bearing deformation of the driving gear bearings under flexible support condition and the one under rigid support condition are compared in this section.
The bearing deformation of the driving gear bearings under rigid support condition, ( ), is expressed:
The bearing deformation of the driving gear under flexible support condition, ( ) , is expressed:
The maximum relative displacement coefficient, , is defined as: The deformation-frequency response cure of the driving gear is shown in Fig. 10(a) , the deformation-frequency-stiffness response map of the driving gear is shown in Fig. 10(b) and the frequency-stiffness response map of the driving gear bearings is shown in Fig. 10(c) . Comparing  Fig. 10(a) with Fig. 2 , the deformation-frequency response cure is similar to the amplitude-frequency response curve of the spur gear pair. Comparing Fig. 10(b) with Fig. 9 , it is obvious that the frequency-stiffness response map of the driving gear bearings is similar to the amplitude-frequency-stiffness response map of the driving gear in direction.
The difference between these two figures is that the crest along the black line in Fig. 10(b) is inconspicuous. Fig. 10(c) shows the frequency-stiffness response map of the driving gear bearings, which represents the quantitative comparison between the bearing deformation of the driving gear under flexible support condition and the bearing deformation of the driving gear under rigid support condition. This map is divided into several different areas for a better clarity. Area A represents the maximum relative displacement coefficient with large support stiffness. The coefficient is generally close to zero in area A, which means that the bearing deformation of driving gear bearings with large support stiffness is close to the deformation of driving gear under rigid support condition. In area B, D, F and H, the coefficient is generally larger than zero, which means the bearing deformation of driving gear bearings is larger than the one under rigid support condition. Furthermore, the deformation of driving gear bearings in the range as shown in area D is much larger than the corresponding one under rigid support condition as the coefficient is much larger than zero. In area C, E and G, the coefficient is less than zero, which means the bearing deformation under flexible support condition in these areas is smaller than the one under rigid support condition.
In short, it is obvious that the coefficient is generally greater than zero, which means the maximum deformation of the driving gear bearings under the flexible support is generally greater than the one under rigid support.
Conclusions
A lumped parameter dynamic model considering the flexibility of the support of the gearbox is proposed in this study. The nonlinear equations of motion are obtained via Lagrange's equation. The New-Mark method is adopted to investigate the nonlinear behavior of gear transmission system. The effects of rotating speed and support stiffness of gearbox are considering to be analyzed. The numerical simulation shows that the flexible support of the gearbox significantly changes the amplitude-frequency response curve of the gear transmission system at low rotating speed. The response shows flexibility while the support stiffness is smaller than the bearings and rigidity while the support stiffness is larger than the bearings. The maximum deformation of the driving gear bearings under the flexible support is generally greater than the one under rigid support. 
The notation * in a matrix represents a symmetrical item.
A2.
The equations of motion of a spur gear pair under rigid support condition are written as: 
